Handout 1. PX436, General Relativity

Introduction

Welcome to General Relativity, the theory that governs the Universe on its largest scales.
This course builds upon the foundations of Special Relativity to show why Einstein was
led to his field equations. It then uses these in applications to black-holes, cosmology
and gravitational waves.

We are at a time when there are good grounds for believing that the first direct detection
of gravitational waves is at most a few years away. These will provide the first strong-field
tests of GR. This course will allow you to appreciate these exciting possibilities.

Course Materials

All materials for the course — notes, problem sheets and solutions, handouts and reading
material — will be available from the course website:

http://www2.warwick.ac.uk/fac/sci/physics/teach/module_home/px436/

This will be updated throughout the term. I've taken over the course this year, but not
changed its structure, so some pages may still refer to Professor Marsh. Please direct
all queries to me instead.

Books

See the website for a discussion of possible books. I recommend that you look at my
two main suggestions in the library and then buy whichever suits you best. However, 1
also advise you routinely to look at several books at all stages of the course.

Forum

For any questions about the course, please use the course forum, reachable from the
website. This applies especially to things such as errors that you spot in the notes
or during lectures. E-mail me directly (e.r.stanway at warwick) for more individual
problems. I will put announcements (e.g. lecture changes) on the web pages and the
forum. The forum allows you to receive e-mails so you would not need to look at it
often; from past years there will not be much traffic from it, so don’t be worried about
getting too much e-mail from it.


http://www2.warwick.ac.uk/fac/sci/physics/teach/module_home/px436/

Handout 2: Conventions adopted in the course

There is no general agreement in work on GR as to the signs of some quantities or the
notation. You should always understand what a given book is using. In this course the
following conventions will be followed:

AO&

TOL

BO VS Bt

g*f

—87G/ct

the Greek letter index («) in an expression like this is to be thought of as taking
any one of four values representing the space-time coordinates. The values are
numbered 0, 1, 2 and 3 with 0 representing the time coordinate. Therefore the
equation

AOL — BOé’

actually implies four equations.

the Latin letter index (k) in an expression like this is to be thought of as taking
any one of three values representing the spatial coordinates (1, 2 or 3).

repeated indices, one up, one down always imply summation over all possible

values, unless otherwise specified, i.e. the expression here could equally, but more
. a=3 o

cumbersomely, be written as ) ©_ T,

when it matters, the 0 index will imply a time coordinate of the form 2° = ct. An
explicit index ¢ will mean that the time coordinate is 2° = ¢. It is easy to forget
this and end up with stray factors of c.

I will follow the convention that for time-like intervals ds? > 0, i.e. in SR ds? =
2 dt? — dv? — dy? — dz%. It is sometimes said that the metric has “signature”
(+,—,—,—). There is no agreement on this; Hobson uses the same convention
whereas Schutz uses (—, +, +, +).

The sign on the Riemann curvature tensor which leads to Einstein’s field equations
is also a matter of choice. The choice I make leads to a negative sign on the right-
hand side of the field equations.



Handout 3: The Levi-Civita connection

This handout derives an important formula for the connection in terms of derivatives
of the metric which tells us how geometry determines the motion of particles in GR.
Above all, it shows that the connection coefficients/Christoffel symbols are derivable

from derivatives of the metric.
Remember first the definition of the connection coefficients:

85504 = ga,ﬂ = Fgaﬁ é;n

where 5 = 9/0x°. Taking the scalar product of this with basis vector & gives

- - o - o
eg-ﬁgeazl“ aB €5 * €o-

But by definition

€ €o = (€5, €5) = Yoo,
SO
€ - 030 = G517 ap-
The left-hand side is close to being the derivative of €5 - €, = gso. In fact
aﬂgéa = 8555 : ga + 55 : 666(17

so that we can write
aﬁgzsa = gaaraéﬁ + 950F0a6~

Cycling indices clockwise on the left-term, 6 — 3, a — 9§, § — «a, gives
9agss = 9so1'” pa + 9po 1" sa

and cycling once more in the same sense gives
05908 = 98017 a5 + Jacl s

Adding Egs 1 and 2 and taking away Eq. 3 gives:

(3)

03950 + 00985 — 0590 = Jao (I'758 — T'%35) + G50 (I'%ap + 17 8a) + 986 (I'75a — 1% as) -

In GR we assume a so-called torsion-less connection which is symmetric in its lower
indices, thus the right-hand side reduces to 2¢s,1'7,3. Contracting with g"°/2 then

gives

1
[Map = 5975 (089as + 0a953 — 059ap) -

This is the Levi-Civita connection. You may also see it written as

1

Fva,@ = 5976 (gaa,ﬁ + 9580 — gaﬁ,&) )

using the comma notation for partial derivatives. An important point is that the con-

nection is derivable from the metric.



Handout 4: Euler-Lagrange Equations

This handout provides some background on the calculus of variations leading to the
Euler-Lagrange equations. This is for completeness and is not examinable. You should
know how to apply these equations rather than memorise them. If you have attended
PX440, this will be very familar to you.

The problem is to find a path which maximises or minimises the integral of a function
L of the coordinates x® and velocities #” along a path parameterised by A. This first
arose in a famous problem set by Leibnitz and solved by Newton to find the shape of the
curve which would lead to the minimum time for a bead sliding along it. “Velocities”
are defined as derivatives of the coordinates with respect to A\. We want a path such
that

M:5/L@%Mﬁu:0
a and [ should be taken to repreesent all possible values.

Consider a small change in the path: dz®, 627, then

oL oL
0L = %5 +w5x

The second term can be integrated by parts as follows:
oL oL d (0L
58 — | == _ B
55007 dA = {axﬁéx } L/i <axﬁ> 5” d.

If the start and end points are fixed (627 = 0), the first term on the right-hand side
disappears and re-labelling 5 to o we are left with

oL d (0L .
51_/{%_5(61&)}5‘% dA.

For this to be true for arbitrary variations dx®, we must have

d (oL _oL _
d\ \ 9z oxe

which are the Euler-Lagrange equations. Applied to the Lagrangian from lectures, L =
g,5277, the Euler-Lagrange equations give

% (2ga5d”) — aagwﬁx = 0.

It is left as an exercise to show that this is equivalent to the equations of motion deduced
from parallel transport
i+ T%g,d%47 =0,

with I'*, given by the Levi-Civita connection. Remember that dots indicate derivatives
with respect to the affine parameter A.



Handout 5: The Riemann Curvature tensor

In lectures the Riemann curvature tensor was introduced via the expression
[vw vﬂ]va = Vaigy = Vans:
Consider the left-hand term first:
Vaigy = Vassl., = Vaigy = TayVoig = 175, Voo
Expanding the three covariant derivatives on the right:
Vaspy = (Va,g = T7apVo) = Taqy (Vos = TP05V5) =Ty (Voo = TacVp) -
Swapping 3 and 7:

Vans = (ch - Fgavva>, —1as (ch - Ppmvp) - Fovﬁ (Vcw - Fpaovp) :

B

Subtracting the first from the second equation, and making use of the symmetry in the
lower indices of the connection and the commutativity of partial differentiation, all the
terms with derivatives of the V' cancel leaving

Va;ﬁv - Va;vﬁ = Pgoe%ﬁvcr - Faaﬁﬁva + Faavrpaﬂvp - Fgaﬂrpcva‘
Re-labelling o to p in the first term on the right-hand side leaves
Vaspy = Vars = (Fpa%ﬁ - Fpaﬁﬁ + Faavrpoﬁ - Faaﬁrpm> Vp.

Since the left-hand side is a tensor as is V,, the term in brackets is a tensor too, the
Riemann curvature tensor R with components:

Rpab’v - chw,ﬁ - Fpaﬂn + Fgavrpcfﬁ - FoaﬁFPM'

Key points:

e the equation for the Levi-Civita connection means that R contains the metric and
its first derivatives.

e the appearance of derivatives of the connection means that R also contains second
derivatives of the metric.

e in freely-falling frames, the first derivatives of the metric are zero, but the second
derivatives representing tidal forces do not vanish in general, so the curvature
tensor and gravity cannot always be transformed away.

e There is no convention for the sign of the Riemann tensor, so you may see differ-
ences of sign in books.



Handout 6: Properties of the Riemann tensor

This handout fills in some background on the Riemann tensor. The fully covariant
Riemann tensor components are:

Raﬁvé = gapRp575 = Yap (FPBM - Fpﬁv,é + Foﬁé‘rpm - Fgﬁvrpaé) .

It is much simpler if we specialize to geodesic coordinates in which the connection (but
not in general its derivatives) vanish because then we have:

Ropys = Gap (Fpﬁtiv - Fpﬁ%5> (4)

If we substitute the connection from the Levi-Civita equation, we find

1
chﬁ'y& - 5 (ga(s,ﬂﬂ/ — Yary,36 + 98~y,a6 — gﬁ&,aw) .

The RHS is no longer a tensor, but it allows us to establish symmetries that are tensorial
and therefore hold in all frames. The following symmetries are easily established:

Raﬂ’yé = R’yéa,@ = _Rﬁa’yé = _Roaﬁ&ya
RaﬁvE + Raéﬁw + RCW(Sﬁ = 0.

Bianchi identity: 1f one differentiates the Riemann tensor (try this: you will see the
value of geodesic coordinates!), one can show that

Raﬁvd;u + Raﬁwﬁ + Rocﬁcsuw =0.

This is the Bianchi identity, and it is important in calculating the divergence of the Ricci
tensor needed for Einstein’s field equations. To show this, contract o and d, remembering
that Rg, = g°° Rapys, that gas, = 0 and using the symmetries, which gives:

ga(S (Raﬁv&u + Rapuys + Raﬂfiuw) = 0,
5
Ry + R guyis — Rpuyy = 0.

The last line is the contracted Bianchi indentity. Contracting § and <, raising and
lowering indices where necessary, and again using the symmetries above then leads to

9" (Rﬁv;u + Raﬂw;é - Rﬁuw) = 0,
Ry — R(Suﬁ — Ry = 0.

Changing § — « and multiplying by ¢*’ then shows that
L
2

a result used while justifying the field equations in lectures in order to balance the
energy-momentum conservation equations 7%, = 0. (Remember, since R is scalar,

Ry =Ry.)

Raﬁ;a — R;#guﬁ 7



Handout 7: The Friedmann equations

This handout goes through the full derivation of the Friedmann equations, because it
would be a shame to go through a whole GR course (or university physics course for
that matter) without ever seeing how the equations that govern the entire Universe are
derived. The algebra is lengthy however, and I would not expect you to reproduce it all
in an exam. However, you could be asked for step 1 and parts of steps 2 and 4; only
step 3 is off-limits. Otherwise, the main purpose is to satisfy those for whom the phrase
“it can be shown that” is irritating, but also to show why I had to resort to it.

I will follow the steps outlined in lectures.

Step 1: metric coefficients from the interval.

The FRW interval is

2

2 2 342 2

+72df* + r*sin® 0 dp? | .

We first note from this that gy = 2, g, = —R?/(1 — kr?), gop = —R*r? and gy =
—R%*r?sin?f. Since the metric is diagonal then ¢ = 1/g, = ¢72, etc.

Step 2: connection from the metric.

The corresponding Lagrangian can be written down directly
22

i
1—kr?

L=t — R*(t) < +7r20% + 1% sin 0 ¢2> ,

where the dots denote differentiation with respect to an affine parameter. Now apply

the Fuler-Lagrange equations:
d (0L oL 0
dA \0i*) Oz

For the ¢ component:
22

i
1—Ekr?

2¢*t + 2RR/ ( +720% + 1% sin® 0 ¢2> =0,
where the prime as in R, denotes differentiation with respect to the Universal time, ¢.
Therefore

RR'

c2

t+ (1 _7.”2]”2 + 720 + 1% sin 0 ¢2) = 0. (5)
Comparing with the geodesic equations of motion written as:
i+ T%,%° =0,
we deduce that
I, = RR' /31 — kr?), Tl = RR'r?/c*, Ty, = RR'r?sin*0/c%.

7



The seven other independent components of the form I', 5 are, mercifully, equal to zero.

The r-component of the Euler-Lagrange equations gives:

d 2R?y 2k R?rr? . .

el e R _—_2 202_22 -262 —

™ { T krz} [ 1= k) Ror R°rsin“6 ¢ 0,

and so, using dR/d\ = (dR/dt) x (dt/d\) = R't,
ARR'ir  2R% 4kR?ri?  2kR%*ry?

_ _ _ SR + R sin2 0 &% — 0.
1—Fkr2 1—kr? (1—kr2)2+(1—kr2)2+ R°r9” + 2R°rsin"0 ¢ 0

Collecting terms and dividing out the coefficient of # gives
i kri?
i

R 1 — kr?

/

P —r(l— kr?)0% — r(1 — kr?) sin? 66> = 0. (6)

Similarly the # and ¢ components give

é—l—i?éf—k%f@—sin&cos@& = 0, (7)
é+2§¢i+§f¢+2cot99¢ = 0. (8)

Reading the connection coefficients from Egs. 6, 7 and 8, and adding in the t-components
derived at the start, we find the following non-zero connection coefficients:

I, = RR/c*(1 — kr?), Tlpy = RRr?/c?, Ity = RR'r?sin®6/c?,

I, =R/R, [ =kr/(1 —kr?), TTo9=—r(1—kr?),
[7ss = —1(1 — kr?)sin®0,

[ = R'/R, I,y = 1/r, F9¢¢ = —sin# cosb,
I, = R /R, [%.4=1/r, [, = cot 6.

(NB there are several errors in Hobson et al.’s version of these (1st edition, p377).) As a
by-product, Eqs 5, 6, 7 and 8 are the geodesic equations of motion in the FRW metric,
although note that since there is no explicit ¢ dependence, we could have gone straight
for a first integral of Eq 8 from dL/d¢ = const:

R*r?sin60 ¢ = h.

Step 3: Ricci tensor from the connection.

The next stage is to work out the components of the Ricci tensor. This is where things
get a bit hairy, and you may prefer to skim through this and cut to the chase by going
to step 4. The Ricci tensor, which is the contraction of the Riemann tensor, is given by:

Rog =T"0p5 —1Papp + 17acl g — I0pl po

Consider then the ¢t component. First set a« = § = ¢, and then expand out the sum-
mations over dummy indices p and o, remembering that the commas indicate partial

8



derivatives with respect to the associated coordinate indicated after the comma, and
also that these become normal derivatives when they are time derivatives of R(?):

Ry = TPhp = TPup + 17017 00 = TPul g,
d
= 3—(R//R) + Fptarapb
dt
d

= 82 (RJR) + T 4+ T+ D17,

= 3L(R/R)+ (R RY,
— 3R"/R.

where the second line follows because there are three non-zero I';, components, all with
the same value = R'/R, and because there are no components of the form I'”;,. The
contra-variant version of this can be calculated without evaluating any other components

since the metric is diagonal so the only contravariant component of the metric with a

t-index is ¢ = ¢72, so

tt_ tp to Mt ottp 4 _ER_”
R =¢g"9°Rys =9 9 Ry = "Ry = iR

C

Next the rr component, now setting o = [ = r in the general relation for the Ricci
tensor and, as before, expanding out the summations over p and o

Ry = TPy, =T, + 7,17, — 7,7,
= T+ %0, + 0%, — Ty — I +
L T + Tl 4+ T T + T 0T, + 19,519, —
I Ty =TT = T7 T — T, Ty — T, T — T, 1%,
2 9 RR' R? 2 2%
=i w]

2ot 1 — kr?) 1—kr2)+ﬁ_1—kr2’
_ (RR"+2R” +2ke?)
B (1 —kr?)



The 66 component gives

Rog

= 0 — 190, + T 951" g — 179e1" po

= %40 — oo — g, +

T 9eT% 9 4+ T700T% 0 + T09 T g9 + 105,19 + T0ps % 59 —
ToaT" i — DiogT %9 — T0eT %15 — T 0aT "1 — T go1%9 — T 91?1,

= %40 — oo — g, +

T 09 4 1%, 199 + T4 59 —
TlppT" i — DigpT %y — Tgg L™ — T g%,

= %40 — oo — g, +

T 09 4+ T2, T g9 + T4 59 —
TpaT" i — DiopT % — Tgel" . — T g%,

1 r?(RR" + R?) , R T*RR 9 9
= 2 +1—3kr —i—E = — (1 —kr®) 4+ cot* 6 —
?RR' R r?RR R kr? 1
- _ = 1 — kr? 1 — kr?)=
2 2 R—l—r( kr)l—kﬂ—i_r( kr)r,
(RR" + 2R"™* + 2kc?)
— re.

c2

Finally, the ¢¢ component,

Ry =

600 = IPphig.p + 1 901 pp = TP 901 po

o1 =T gsr = Tgp0 +

T 6T + T 60?06 + T 5 + T2, T g + 0451 %0 + T30 45 —

T gl = Tl sl — T T — T gl = T 56T 19 — TV g1 05 — T 4T g,
o1 =T osr = Tgp0 +

D20l g6 + 06T g0 + T 06T %06 — Tool"er — Tl "t — T 96T — Tl 0,

2 ! i 2
0 (M) 0 (1= ke sin? ) + 2 (sinfcosd)

ot c2 or 09
r’R?sin’f (1— kr®)sin 6 — cos?f— L A R
c? c? c?

+kr?sin®0 + (1 — kr?)sin? 6,
r?sin® (RR" + R'?)
_ =
—(1 — kr®)sin® @ — cos® 0 + kr®sin® 0 + (1 — kr?) sin® ¢
1 2 2 2 2
_(RR"+ cfi + 2kc >r281n29

r2R?sin’0

c2

+ (1 — 3kr?)sin? @ + cos® § — sin*§ —

Collecting all the components together and changing the derivatives with respect to time
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from primes to dots:

3R
Rtt = E? (9)
(RR +2R? + 2k02>
= — 1
RTT’ 62(1 _ ]{;7’2) ) ( 0)
RR + 2R? + 2kc?
Rgg = —( ks 2 2R )7”2a (11)
5L 0P L ok
Ry = — (RR+ 132 +ohe )r2 sin? 6. (12)

All other components are zero. The Ricci scalar (Rg to distinguish from the radius of
the Universe R) follows:

(RR + R? + kc?)

Rs =g Rop = g" Ry + ¢ Ry + 9" Rop + g*° Ry = 6 o

This is, as expected, independent of spatial position.

Step 4: Substitute into the field equations.

As shown in lectures, the field equations can be written

G 1

= (T — ~Tgus ) -
Rag i ( 573 g,@»)

Assuming a perfect fluid
p
Taﬁ = <P + g) UaUﬁ — PYas,

and
T aﬂT p aﬁlf U af 3
g af (/C 62> g aYp P9 " Gap = pC2 — ap.

In comoving coordinates, the fluid is stationary and so U* = (1,0,0,0) and since U; =
g1 U, then U, = (c2,0,0,0). Therefore

4

Ty = pc,
R?p
Trr T 7 9
1—kr?
Toy = R*r*p,
Tey = R*r?sin” 0 p.

Therefore the tt component of the field equations leads to

R_ 8rG 4+ 1, 9
3 =4 (pc—2(pc —3p)c” |,

11



which gives
. ArG 3
R = AT (p + —p> R, (13)

The rr component gives

_(RR+2R2+2kc2> G (R Lo, R
(1 — kr2) A 1ok 2VY P "2 )

and therefore

. . 4
RR+2R* + 2kc* = 7r2G(—p + pc?) R,
c
Substituting for R from Eq. 13 gives
R = ?pliﬁ — kc?. (14)

The 66 and ¢¢ components give the same relation.

From Eqgs 13 and 14 one can also show that

p+<p+%>%%:0. (15)

This equation comes directly from the energy conservations relation 7%, = 0.

Egs. 13, 14 and 15 are the Friedmann equations which govern the evolution of the size
a and density p of the Universe. For summary they are:

R:—% <p+%) R,

3 c?

. 81G
R? = 7TTpR2 — kc?,
. D 3R
p= (p+02) R

Those who have attended PX389 Cosmology should recognise these (but perhaps with
a(t) = R(t)/R(ty) instead of R). Note that quasi-Newtonian derivations exist for the
last two equations, but they are relativistic in origin and there is no explanation from
Newtonian physics for the presence of pressure in the first equation or for the interpreta-
tion of k as spatial curvature. Moreover, one is forced to rely on arguments from GR to
justify the neglect of the Universe when calculating the second equation. Nevertheless,
the Newtonian derivations provide useful insight into the form of these equations. The
first shows the decelleration of the expansion of the Universe owing to the gravitating
matter/energy (and pressure) within it (as long as p + 3p/c* > 0!). The second has the
form of a kinetic-energy-plus-potential-energy-equals-total-energy equation, while the
third says that the density of the Universe decreases because of the dilution of expan-
sion (the 3R/R term) and because of the work done by every element of volume in the
Universe pushing back the rest of the Universe.
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